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Abstract
The present article introduces the notion of boundedness of an additive functor between small
noetherian abelian categories. Our main result states that boundedness implies the existence of
the total derived functor in the sense of Deligne. c© 2000 Elsevier Science B.V. All rights
reserved.
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Introduction
Let A be an abelian category. If it possesses enough injectives, then one knows
how to construct the right derived functor RF of a given additive functor F on A. It
is computed via injective resolutions and is characterized by a universal property [1, I].
The present article gives a criterion, which ensures the existence of derived functors
in situations where there are not enough injectives.
The rst section recalls the concepts of total and cohomological derived functor. Both
denitions occur in [5, II.2.1]. They are formulated in terms of universal properties.
While this is certainly the most natural way of introducing the two functors, the relation
between them is in general unclear: it is not even known whether existence of the total
derived functor RF implies that of the cohomological derived functor R0F . The main
point of Section 1 is that as far as RF is concerned, one should use the denition of
[4, 1.2] instead; a priori, it is more restrictive (actually, the present author knows of
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no example where RF exists in the sense of [5] but not of [4]), but the connection to
R0F is immediate (Proposition 1.4).
Section 2 introduces the notion of boundedness of additive functors on small noethe-
rian abelian categories. Our main result (Theorem 2.2) states that boundedness of F
implies the existence of RF . Furthermore, one may compute RF in the derived category
of ind-objects of A, where one has enough injectives. This should be compared to the
main result of [3], which deals with the analogous questions for R0F . We conclude
with a typical example.
1. Background from the literature
We review some of the material of [4,5].
Let A be an abelian category. We follow the standard notation: for ? 2 f;+; bg,
C?(A); K?(A); D?(A)
will denote the respective complex, homotopy, and derived categories of A. On the
set f;+; bg, we dene a total ordering: b  +  .
1.1. Let A be small. Denote by
+ : K?(A) −! Ind(K?(A))
the functor associating to a complex C the ind-object
C+:= lim−!
K?(A)
C0;
where the direct limit runs over the set of all quasi-isomorphisms C −! C0 in K?(A).
Now let F : A −! B be an additive functor between abelian categories, ?; ! 2
f;+; bg such that ?!. By abuse of notation, we also write F for the induced functor
K?(A) −! K !(B):
Lemma. The composition
K?(A) +−! Ind(K?(A)) F−! Ind(K !(B))
?
?
y
Ind(D!(B))
factors uniquely over D?(A):
RF : D?(A) −! Ind(D!(B)):
Proof. The functor + inverts quasi-isomorphisms.
Recall [4, 0.6] that we think of Ind(C) as a full subcategory of the category of
covariant functors on C. In particular,
C −! Ind(C)
is fully faithful for any category C.
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Denition (Deligne [4, Denition 1.2.1. (iii)]). F is called right derivable (with
respect to the pair (?; !)) if RF factors over D!(B). In this case, the functor
RF : D?(A) −! D!(B)
is called the total right derived functor of F .
Proposition (Deligne [4, Proposition 1.2.2. (ii)]). F is right derivable with respect to
(b; !) if and only if
RF(A) 2 Ind(D!(B))
lies in D!(B) for any object A 2A.
1.2. If A has enough injectives, then the functor
+ : K+(A) −! Ind(K+(A))
factors through the natural inclusion of K+(A) into Ind(K+(A)). It associates to a
class of a complex C the class of any injective resolution of C [1, Proposition I.4.7].
Consequently, any functor F : A −! B is right derivable with respect to (+; !),
and
RF : D+(A) −! D!(B)
is computed via injective resolutions.
1.3. Assume that A and B are abelian categories, and that A is small. If the total
right derived functor
RF : D?(A) −! D!(B)
exists, then it has the universal property of [5, Denition II.2.1.2], i.e., it is the total
right derived functor in Verdier’s sense: write QA, QB for the localization functors
K?(A) −! D?(A) and K !(B) −! D!(B), respectively. Let (Ab) denote the category
of abelian groups.
Lemma (Deligne [4, p. 23]). RF represents the functor
Fex(D?(A); D!(B))−! (Ab);
G 7−!Hom (QB  F;G  QA):
Fex denotes the category of exact functors, and Hom refers to natural transforma-
tions of exact functors K?(A) −! D!(B).
1.4. Denition (Verdier [5, Denition II.2.1.4]). Let A and B be abelian categories.
(a) An additive functor G from K?(A) or D?(A) to B is called cohomological if
for any exact triangle
X −! Y −! Z
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the sequence
G(X ) −! G(Y ) −! G(Z)
is exact.
(b) Let F : A −! B be an additive functor. F is called cohomologically right
derivable if
Foco(D?(A);B)−! (Ab);
G 7−!Hom (H 0  F;G  QA)
is representable. Foco denotes the category of cohomological functors, and Hom refers
to natural transformations in Foco(K?(A);B).
(c) If F is cohomologically right derivable, then we denote by
R0F : D?(A) −! B
the representing object of (b). It is called the cohomological right derived functor of F .
Let us now clarify the relation between the two concepts of derived functor:
Proposition. Assume that A is small and that B is noetherian. If the total right
derived functor
RF : D?(A) −! D!(B)
exists, then the cohomological right derived functor
R0F : D?(A) −! B
exists and equals the composition
D?(A) RF−!D!(B) H
0
−!B:
Remark. This settles partly the problem addressed in [5, Remarques II.2.1.6].
Proof of the proposition. Since B is noetherian, ltered direct limits in Ind(B) are
exact [3, Proposition 1.6]. By [5, Proposition II.2.2.1 and Remarques II.2.2.2], the
cohomological derived functor of the composition
~F : A F−!B −! Ind(B)
exists and is given by
R0 ~F : D?(A) −! Ind(B); C 7−! lim−−!
K?(A)
H 0  F(C0);
where the direct system runs over all quasi-isomorphisms C −! C0 in K?(A), i.e.,
over the same set as the one used in the denition of
RF : D?(A) −! Ind(D!(B)):
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Denoting by ~H 0 the extension of H 0 to
Ind(D!(B)) −! Ind(B);
we thus have the equality R0 ~F = ~H 0 RF . By our assumption on RF , the functor R0 ~F
factors over B:
R0 ~F : D?(A) R
0F−!B −! Ind(B):
It is straightforward to see that R0F inherits the universal property from R0 ~F .
2. Existence of derived functors
This section aims at a criterion (2.2) for the existence of the total right derived
functor.
2.1. Assume that both A and B are noetherian abelian categories, and that A is small.
Any additive functor
F : A −! B
induces a functor
~F : Ind(A) −! Ind(B):
Since Ind(A) has enough injectives [6, Theorem 2.2(iv)], the right derived functor
R ~F : D+(Ind(A)) −! D+(Ind(B))
exists (1.2).
Denition. F is called bounded if the composition
Db(A) −! D+(Ind(A)) R ~F−!D+(Ind(B))
factors over Db(B).
Recall [3, Proposition 2.2] that the canonical functor
Db(B) −! D+(Ind(B))
is fully faithful, the image being given by the objects of Db(Ind(B)) whose cohomology
objects are in B.
Proposition. F : A −! B is bounded if and only if for any object A of A the
following holds: the cohomology objects of R ~F(A),
Hi(R ~F(A)) 2 Ind(B)
lie in B and are zero for i  0.
212 J. Wildeshaus / Journal of Pure and Applied Algebra 150 (2000) 207{213
Proof. Straightforward.
Remark. Consequently, boundedness of F can be checked after composing F with an
exact faithful additive functor from B to a third noetherian abelian category C.
2.2. Let A, B and F be as before. The main result reads as follows:
Theorem. Assume that F is bounded.
(a) The total right derived functor
RF : Db(A) −! Db(B)
exists.
(b) RF equals the restriction of
R ~F : D+(Ind(A)) −! D+(Ind(B))
to Db(A). In particular, for any object
C 2 Kb(A);
the value of RF on C is given by the class of ~F(I) in Db(B) for any injective
resolution I of C in K+(Ind(A)).
Proof. Since any complex of objects of Ind(B) is the direct limit of its noetherian
sub-complexes, i.e., of objects of Cb(B), there is a functor
C+(Ind(B)) −! Ind(Cb(B)):
One checks that it gives rise to a functor
K+(Ind(B)) −! Ind(Kb(B)):
We need to show that the diagram
Kb(A) +−! Ind(Kb(A)) F−! Ind(Kb(B)) −! Ind(Db(B))
?
?
?
y
x
?
?
?
x
?
?
?








K+(Ind(A)) +−! K+(Ind(A)) ~F−! K+(Ind(B)) −! Ind(Db(B))
commutes. For the middle and right square, this follows from the denitions. The left
only concernsA. For C2Kb(A), we have to show that the noetherian quasi-isomorphic
sub-complexes of injective resolutions of C are conal in the direct system of all
noetherian resolutions of C.
Let C −! C0 be a quasi-isomorphism in Kb(A). Choose an injective resolution
C0 −! I
in K+(Ind(A)), and apply [3, Lemma 2.1] to see that it factors over a quasi-isomorphic
noetherian sub-complex of I .
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2.3. One main example concerns the case when
A= RepK (P);
the category of algebraic representations in K-vector spaces of an algebraic linear group
P over a eld K of characteristic 0, and where
F : RepK (P) −! RepK (1)
is given by the invariants
V 7−! H 0(P;V) =VP:
In order to see that F is bounded, we apply the criterion of Proposition 2.1. If
G = P=Radu(P)
denotes the maximal reductive quotient of P, then
Hi(P;V) = H 0(G;H i(Radu(P);V))
[2, Theorem 5.2], which reduces us to the case when P is unipotent. It suces to
observe that cohomology of the trivial representation K is nite dimensional, and con-
centrated in degrees 0  i  dim P.
By Theorem 2.2, the total derived functor
RF =:R( )P : Db(RepK (P)) −! Db(RepK (1))
exists and is computed via resolutions by rationally injective P-modules in Hochschild’s
terminology [2, p. 493].
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